We explore the consistency strength of 1 3 and 1 4 absoluteness, for a variety of forcing notions.
Introduction
Shoen eld's absoluteness theorem states that a 1 2 predicate is true of a real in a ground model exactly if it is true of the same real in any forcing extension. However, this is not true for 1 3 predicates. Indeed, if we add a Cohen real to L, then the sentence \There exists a non-constructible real" is 1 3 and, while failing in L, it holds in the generic extension. In this paper we shall mainly investigate the strength of generic absoluteness for 1 3 predicates. The consistency strength of 1 3 absoluteness under ccc forcing extensions is just ZFC ( B 3] ). But by extending the class of ccc forcing extensions, we obtain stronger absoluteness properties. Our aim in this paper is to explore the large cardinal strength of these properties.
Our notation is largely standard. We write`h(s) for the length of a sequence s. If X is a set, X] <! is the set of all nite subsets of X. We denote by KP Kripke{Platek set theory including the axiom of in nity. Transitive models of KP are called admissible sets.
We call the set-theoretical universe 1 n -absolute with respect to some generic extension if each 1 n or 1 n predicate true of a real in the ground model is true of the same real in the extension. We call it 1 n -absolute if each We use Solovay's almost-disjoint coding ( J-S] ), which we shall review in the next section. We shall also use the method of Baumgartner, Harrington, and Kleinberg ( B-H-K]) to shoot a club through an arbitrary stationary subset of ! 1 , while preserving ! 1 .
Almost disjoint coding
The following account of Solovay's almost-disjoint coding is due to A. Mathias, whom we thank for letting us include it here.
First, let hs i j i 2 !i be a recursive enumeration of <! 2, the set of nite sequences of 0's and 1's, such that each such sequence is enumerated before any of its proper extensions. For any subset a of !, letã : ! ?! 2 be the characteristic function of a. Fix a recursive partition of ! into in nitely many in nite pieces X i (i 2 !). For a ! and i 2 !, de ne f a = df fj jã `h(s j ) = s j g f a i = df fj jã `h(s j ) = s j and`h(s j ) 2 X i g
Thus each f a is a member of a well-known perfect family of pairwise almost disjoint in nite subsets of !, and is the disjoint union of the in nitely many in nite sets f a i .
For subsets a and b of !, set b a = df fi 2 ! j b \ f a i is niteg:
Secondly, let A P(!) and let : A ?! P(! Proof: For each countably in nite ordinal let g be the < L -rst function mapping ! onto . For each n, x n such that f j g (n) = n g is stationary.
Consider a xed n. By B-H-K], we may add, preserving ! 1 , a club subset C n of that set. By Solovay, we may add a real b such that whenever a 2 L is a subset of ! that codes a ordinal, b a codes the rst member of C n that is strictly larger than that ordinal.
Lemma 1 Let M = L b] be a countable admissible set such that: M j = every ordinal is constructibly countable: Then 2 C n . Proof: Let < , and let c 2 L be a subset of ! that codes . Then b c codes a member of C n greater than . b c 2 M, and so by admissibility, can be recovered inside M, and so is less that . As C n is closed, 2 C n .
2 Let '( ; b) be the formula:
L b] j = KP + every ordinal is constructibly countable:
Our construction has added a real b such that If for each n we can nd such a club D n , then the intersection T n<! D n will be a club, D say. But then for 1 < 2 , both in D, for every n, g 1 (n) = g 2 (n), an absurdity. Thus there is an n for which 1 3 
Proper and semi-proper forcing
We could try to strengthen the previous result by restricting the class of forcing notions to those that preserve stationary subsets of ! 1 , or even to semi-proper forcing.
The notion of semi-proper forcing is due to Shelah and generalizes his own weaker notion of proper forcing, itself a generalization of ccc andclosed forcing notions.
Thus, semi-proper posets include all proper posets, plus other well-known forcing notions, like Prikry forcing.
A forcing notion Pis semi-proper if for some large-enough regular cardinal (e.g., larger than 2 2 jPj ), there is a club C H( )] ! such that for all N 2 C and all p 2 N \ P, there is a q p which is (P; N)-semi-generic, i.e., for all P-names in N, if P \ 2 ! V 1 ", then q P \ 2 N".
Hence, semi-proper forcing preserves ! 1 . In fact it preserves stationary subsets of ! 1 (see F-M-S]). 1 3 -absoluteness for semi-proper forcing does not imply that ! 1 is inaccessible in L. This follows from results of Goldstern-Shelah G-S] and Bagaria B 2] . Let us call a regular cardinal re ecting if for every a 2 H( ) and every rst-order formula '(x), if for some cardinal , H( ) j = '(a), then there exists a cardinal < such that H( ) j = '(a).
Notice that if is re ecting, then it must be inaccessible. If is re ecting, then is re ecting in L. The consistency strength of a re ecting cardinal is below a Mahlo.
Suppose is re ecting. It follows from G-S] that there is an ! 1 -preserving iteration of length over L of semi-proper forcing notions that forces the bounded semi-proper forcing axiom. But in B 2] it is shown that the bounded semi-proper forcing axiom implies 1 3 -absoluteness with respect to all semiproper forcing extensions.
However, even for the more restricted class of proper forcing notions, Let Q 2 = Q 1 P T , where P T is the forcing that specializes T. Namely, let fb : < ! 1 g be an enumeration, in V Q 1 , of all the branches of T. 1 (see the proof of Theorem 6 below).
A re ecting cardinal in L Recall that a regular cardinal is re ecting if for every a 2 H( ) and every rst-order formula '(x), if for some cardinal ; H( ) j = '(a), then there exists a cardinal < such that H( ) j = '(a). As re ecting cardinals are strongly inaccessible, this is seen to be equivalent to: V 2 V .
If we allow all set-forcing extensions, even those that do not preserve ! 1 , then ! 1 becomes a re ecting cardinal in L.
The following result is due to Feng-Magidor-Woodin F-M-W], and independently to the second author. For completeness, we give a proof. can be embedded in Coll(!; < ) for some , we get Coll(!;< ) '( _ x 0 ). So, V G(< )] j = '(x 0 ), hence V G] j = '.
2
Remark. The above proof shows that 1 3 -absoluteness for set forcing is consistent relative to the consistency of ZFC. For, if we choose any cardinal such that V 2 V , not necessarily regular, we then obtain the desired absoluteness when is Levy-collapsed to ! 1 (using Coll(!; < )).
A re nement of the previous argument yields the following: Proof. Assume 1 3 -absoluteness for ! 1 -preserving set forcing, and suppose that ' is a formula with parameters from H(! 1 ) \ L which holds in H( ) L for some L-cardinal . We are done if is less than ! 2 . Otherwise, by Levy-collapsing to ! 1 (using Coll (! 1 ; ) 
Class forcing
We next show that 1 3 -absoluteness for class-forcing is false.
Theorem 5 Suppose M is a model of ZFC. Then there is a class-generic extension N of M and a 1 3 sentence ' with real parameters from M such that ' is true in N and false in M.
Proof Recall that a poset is -centered if it can be partitioned into countably many classes so that for every nite collection p 1 ; :::; p n of conditions, all in the same class, there exists p such that p p 1 ; :::; p n . We have the following:
The following result is implicit in the work of Jensen and Solovay J-S], although in its present form is due to A. Mathias. We thank him for calling it to our attention.
Theorem 6 Suppose that 1 4 -absoluteness holds for -centered forcing and ! 1 is inaccessible to reals. Then ! 1 is a Mahlo cardinal in L.
Proof: The argument is due to Jensen J-S] , and was his rst step towards coding the universe by a real.
Suppose that C is a constructible club of countable ordinals, each singular in L. By almost-disjoint coding, a -centered forcing notion, we may add a real b such that whenever a is a real in the ground model that codes an ordinal, b a is a real coding the next greater element of C. For some real R, every real is constructible from R is true in a set-generic extension and hence true in V . This contradicts 1 3 -absoluteness for Cohen forcing.
As every set has a sharp, we have Martin-Solovay absoluteness and therefore every set-generic extension of V is 1 3 absolute for set forcing. Now the proof that ! 1 is re ecting in L assuming 1 3 absoluteness for set forcing (Theorem 3) shows that ! 1 is re ecting in the least inner model closed under #'s, assuming 1 4 -absoluteness for set forcing. Conversely, if V is closed under #'s for sets and is re ecting, then as in the proof that a re ecting cardinal gives 1 3 absoluteness for set forcing (Theorem 3), Levy collapsing to ! 1 (via Coll(!; < )) yields 1 4 absoluteness for set forcing. 2
Remark. The above argument shows that 1 4 -absoluteness for ! 1 -preserving set forcings implies that every set has a #. In addition, it shows that the following are equiconsistent: (a) 1 4 absoluteness for set forcing + ! 1 is inaccessible to reals; (b) Every set has a sharp (see the Remark at the end of Theorem 3). 
Open questions

